In this work, we use vibrothermography to characterize open vertical cracks in a fast way. We excite the sample by a brief ultrasound burst and we record the evolution of the surface temperature distribution with an IR camera. From this sequence, temporal and spatial information is selected to characterize the heat sources activated at the defects. This ill-posed inverse problem is solved by inverting the data with a dedicated stabilized inversion algorithm. Experiments performed on samples containing artificial calibrated heat sources confirm the validity of the method to characterize both homogeneous and inhomogeneous flux distributions generated at the defects.
Introduction
Ultrasound excited thermography or vibrothermography [1] is a non-destructive thermographic technique that has been applied very successfully, mainly to detect planar defects with contacting surfaces, such as cracks [2] [3] [4] [5] [6] [7] , corrosion [8] , delaminations [9] [10] [11] [12] [13] , etc. In this technique, the sample is excited with ultrasounds and at the defects, the relative motion of the two faces produces heat. This thermal energy propagates in the material and the defect is identified as a hot spot at the surface of the specimen with an infrared (IR) video camera. This technique can be applied to any kind of material with the only restriction of not being brittle. In metals, where bulk damping of the ultrasounds is low, it becomes a defectselective technique as heat is only produced at the flaws.
Vibrothermography has been applied not only to detect but also to characterize planar defects [14] [15] [16] [17] . In particular, vertical kissing cracks have been characterized using both, modulated [14] [15] [16] and burst excitations [17] . It is important to note that, as the information provided by the experiment is thermal (temperature rise at the surface) the physical quantity that can be characterized is the heat flux distribution generated at the crack by the ultrasounds. In kissing cracks, where the two lips are in contact, heat is very likely produced along the whole crack surface [18] . In these conditions, characterizing the area where heat is produced is equivalent to characterizing the crack itself. However, if the crack is open, heat will not be produced along all the crack surface, but just at locations where the two lips are in contact and they move relative to each other [19] . In such a case, the geometry of the heat flux generated at the crack is smaller than the actual crack.
The problem of identifying the heat flux distribution generated at a crack without any previous information of the crack geometry is a severely ill-posed inverse problem [20] . This can be understood due to the diffusive nature of heat propagation: two different heat flux distributions can give rise to very similar temperature distributions at the surface. In the presence of noise, this ill-posedness makes least squares minimization extremely unstable.
In a previous work [17] , we developed a stabilized inversion algorithm, to characterize vertical kissing cracks only assuming knowledge of the plane containing the cracks as prior information. The algorithm was successfully applied to size kissing cracks that generate homogeneous and compact heat sources in vibrothermography experiments. In this work, we address more general and realistic situations, such as the excitation of open cracks where heat is not produced all along the crack surface. In the common case of half-penny-shaped open surface breaking cracks, heat production takes place along a certain contour, rather than a compact area [19] . Moreover, the heat flux is very likely non-uniform along this area. Accordingly, as a further step to approach real situations, we also consider non-homogeneous heat source distributions. In section 2 we present the direct surface temperature calculations corresponding to semi-circular stripeshaped heat sources and we introduce the inverse problem. In section 3, we present inversions of synthetic data with added noise generated by semi-circular stripes with different distributions of the heat fluxes. We check the quality of the inversions as a function of the noise level in the data and the particular heat flux distribution. In section 4 we present the set-up, the calibrated samples we have prepared and inversions of experimental data. The results show that it is possible to characterize the heat flux generated by vertical cracks of any shape from burst vibrothermography data, in a fast way.
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Direct and inverse problems
Our approach to characterize the flux distribution produced in vibrothermography experiments consists in performing a least squares fitting of the data to a semi-analytical model. In this section, we present the calculation of the evolution of the surface temperature distribution produced by vertical heat sources of semi-circular shape. Then, we introduce the inverse problem and our approach to stabilize the inversion.
Direct problem
The first step to characterize the heat source distribution produced in a vibrothermography experiment is to solve the direct problem. We now present the calculation of the evolution of the surface (z = 0) temperature distribution produced by a vertical heat source, occupying an area  in plane  (x = 0), perpendicular to the sample surface, that emits a constant flux  () Qr during a time interval [0,The geometry is depicted in figure 1a . The calculation can be performed by starting from the temperature produced by a point-like and instantaneous heat source in an infinite medium (Green function) and performing a temporal integration over the duration of the burst () and a spatial integration over the area covered by the heat sources Ω. Assuming that the sample is semi-infinite, the effect of the surface can be taken into account by assuming adiabatic conditions and applying the images method, i.e., considering the contribution of a reflected image of the heat source at the surface. The resulting expressions for the surface temperature in a medium of thermal conductivity K and diffusivity D, during and after the excitation are [17] :
( 1 a ) ( 1 b ) In the particular case of the geometry depicted in figure 1b, Eqs. (1a) and (1b) write: Among all the information contained in Eqs. (2a) and (2b), which describe the complete evolution of the surface temperature distribution, in order to characterize the heat flux generated at the crack we select spatial and temporal information. This data reduction makes the inversion algorithm fast, which is important for practical applications. The information we select is the thermogram obtained at the end of the burst Tr = T(x,y,0,), and the evolution of the temperature at the central pixel, Tt = T(0,0,0,t), combined in (, ) T rt TT T  , where superscript T stands for transpose. In section 3 we will generate synthetic Tr and Tt data from Eqs. (2a) and (2b), which will be introduced in the inversion algorithm.
Inverse problem
The inverse problem we address consists in retrieving the heat flux distribution responsible for the surface temperature that we measure in an experiment. The experimental data (, ) T rt TT T    are affected by a certain noise level  that we define as:
The geometry of the heat source being unknown, the inversion cannot be addressed as a parameter estimation problem. The procedure we follow consists in meshing plane  (x = 0) and finding the heat source at each node, Q   that minimizes the residual R 2 , i. e., the norm of the squared differences between the experimental and calculated surface temperature data: 
This involves determining a very large number of unknowns. Under these circumstances, the inverse problem is severely ill-posed, and the minimization of the residual in Eq. (4) is unstable. The strategy we apply to stabilize the inversion is to add some penalty terms to the right-hand side of Eq. (4), based on Tikhonov (TK0) [21] , Total Variation (TV) [22] , and Lasso (L1) functionals [23] :
The choice of these functionals is made according to the characteristics of the flux distribution we want to retrieve. TV searches for functions with flat sections and sharp edges, like the confined flux distributions we seek, and L1 reduces the area were the function has non-zero values, which enhances the contrast [24] . TK0 is introduced just to start the minimization. The drawback with both TV and L1 is that neither is a quadratic, even differentiable operator, so we make use of quadratic functionals to approximate both penalty terms in an iterative way, using lagged-diffusivity fixed-point iterations [25] that include a small positive parameter  that is introduced in order to avoid dividing by zero:
The new residual to be minimized is:
Each penalty term in Eq. 8 is multiplied by a regularization parameter (
. These three parameters determine the size of the penalty terms with respect to the last term in the right-hand side of Eq. 8, called the discrepancy term, which represents the quantity we want to minimize. High values of the regularization parameters stabilize the inversion but introduce an error in the solution,
In order to find a trade-off between stability of the inversion and accuracy of the solution, we reduce the regularization parameters in successive iterations i, and we stop the iterations when the discrepancy term reaches the noise level in the data.
Inversion of synthetic data
We have first tested the inversion algorithm by inverting synthetic Tr and Tt data, calculated from Equations (2a) and (2b) with homogeneous flux and material properties corresponding to AISI-304 stainless steel, the material our samples are made of: D = 4 mm 2 /s, K = 15 W/mK. Then, we add random noise to the data, representing the desired noise level. We first start with homogeneous distributions. As an example, in figure 2 we show Tr and Tt calculated for a heat source of inner and outer radii R1 = 1 mm and R2 = 2 mm, respectively, buried a depth of d = 100 mm, and applying a burst of  = 2s, with 5% added noise. The retrieved heat flux distribution is depicted in a grey level diagram in figure 3a (middle): white represents maximum flux and black is absence of heat sources. The real contour of the homogeneous heat source is depicted in red. As can be seen, the quality of the reconstruction is very good. We have also generated data for the same flux distribution, but for other burst durations, keeping an added noise of 5%. The results are depicted in figure 3a. As can be seen, the results do not significantly depend on the burst duration. However, if we reduce the thickness of the semi-circular stripe, the effect of the burst duration is more pronounced. As can be seen in figure 3b, short bursts provide better reconstructions of a semi-circular stripe 0.2 mm thick (R1 = 1 mm and R2 = 1.2 mm). The high frequency content in the short burst being relatively larger than in the long one, the former is able to provide better identification of thin features . We have also checked the robustness of the method to the noise level in the data. In figure 3c , we show reconstructions obtained for the same homogeneous heat flux distribution as in figure 3a , and a burst duration of  = 5 s, but with different noise levels: 1, 5 and 10%. Although the accuracy of the reconstructions is good, they show a progressive degradation as the noise level increases: the inversion of data with 10% noise clearly overflows the real contour. As a further step to approach situations with real cracks, we have also considered position-dependent fluxes within the red contours depicted in figure 3 . We have analysed the cases of depth-, radius-, and angle-dependent heat fluxes. In figure 4 we show the reconstructions obtained from Tr and Tt data obtained for a burst of  = 2 s and three different flux distributions within a semi-circular stripe of inner radius R1 = 1 mm, outer radius R2 = 2 mm and a depth of d = 0.1 mm. In each figure, the reconstruction on the left correspond to data affected by 1% noise, and the one on the right to 5%. The real flux distributions are displayed at the bottom.
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(a) (b) (c) Fig. 4 
. Reconstructions corresponding to inhomogeneous fluxes within a semi-circular stripe of inner and outer radii R1 = 1 mm and R2 = 2 mm, respectively, and a depth of d = 0.1 mm, obtained from temperature data calculated for a burst of 
= 2 s, and different noise levels. (a) Angle-dependent flux, (b) depth-dependent flux and (c) radius-dependent flux.
Reconstructions on top and real flux distribution at the bottom.
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The reconstructions corresponding to an angle-dependent flux (figure 4a) are in excellent agreement with the real flux for noise level of 1% and 5%. Regarding the depth-dependent fluxes, the results in figure 4b indicate that for a 1% noise level the reconstruction is good, but the accuracy decreases as the noise level increases, so the noise level should be kept as low as possible to accurately retrieve depth-dependent heat fluxes. Finally, the results in figure 4c indicate that the method cannot retrieve radius-dependent fluxes.
As we mentioned in section 2.2, despite the fact that introducing a TV term in the residual drives the search of the solution among blocky functions, the results depicted in figure 4 point out that, not only homogeneous but also inhomogeneous heat sources can be identified. The results improve the smoother the variation of the heat flux distribution. A plausible reason for this is that Eqs. 6 and 7 represent a smooth approximation of TV and L1 functionals. Accordingly, the method works for both homogeneous and inhomogeneous distributions: the solutions are blocky functions when the flux is homogeneous within a delimited area (see figure 3) , and in the case of inhomogeneity, the retrieved flux distribution is very satisfactorily identified when the variation is smooth.
Finally, in order to compare the predictions from synthetic data with experimental results, we present reconstructions obtained from data calculated for a semi-circular stripe-shaped heat source, divided into two halves, each with homogeneous (but different) heat fluxes: the flux in one half is double than in the other. The results for burst durations of  = 0.5 s and 4 s are depicted in figure 5 . It shows that it is possible to identify the two halves in the reconstruction and that the values we obtain for the heat flux on the left hand side of each semi-circle is double the radius we obtain on the right hand side. All these results point out that the method has the potential to quantify inhomogeneous heat fluxes excited in vibrothermography experiments in a fast way: the inversions presented in this section take about 15 s in a PC.
(s)  0.5 4 s
Fig. 5. Reconstructions (top) obtained for a stripe-shaped heat source (R1 = 1 mm, R2 = 2 mm d = 0.1 mm), divided into two halves (2:1 flux ratio), with bursts durations of  = 0.5 and 4 s and data affected with 5% noise. The real flux is
displayed at the bottom.
Experiments
In order to check the ability of the method to characterize heat sources generated by open surface breaking vertical cracks in vibrothermography experiments, we have prepared samples containing calibrated stripe-shaped heat sources when excited with ultrasounds. The samples consist of two identical AISI-304 stainless steel parts, each with a flat, well rectified surface that matches the counterpart. We put a 38 m thick Cu tape of the desired geometry and dimensions between the two parts, at a calibrated depth from the surface where we take data. In addition, we put two more Cu rectangles of the same thickness deep below this surface. The diagram of an open sample is depicted in figure 6a . Then, we attach the two parts with screws (figure 6b). When we launch the ultrasounds (figure 6c), the Cu slabs produce heat due to friction with the steel surfaces. With the two flat surfaces well rectified, the steel parts are parallel to each other so we get homogeneous and calibrated heat sources corresponding to the geometry of the shallow Cu slab. We excite the sample with a UTVis equipment from Edevis. The ultrasound frequency is tunable between 15 and 25 kHz, with a maximum power of 2.2 kW at 20 kHz. We work at an ultrasound frequency of 23 kHz, at which we find the optimum signal in our samples, with ultrasound powers ranging between 200 and 450 W. We use a thin Al film as coupling material between the sonotrode and the sample. We cover the sample surface with black paint in order to improve the emissivity. We collect the radiation coming from the sample with an infrared video camera (JADE J550M from Cedip), sensitive in the 3-5 m range. The camera is equipped with a 320 x 240 InSb detector, a 50 mm focal length lens, and the NETD is 25 mK. At the minimum working distance, each pixel in the camera averages the radiation coming from a 135 m side square in the sample.
As an example, in figure 7 we show experimental and fitted Tr and Tt obtained with a semi-circular Cu stripe with inner radius R1 = 0.9 mm, outer radius R2 = 2.1 mm located at a depth d = 0.15 mm, and a burst duration of  = 0.5 s.
(a) (b) (c) The reconstruction of these data is depicted in figure 8 (a) . We also took data with other durations of the excitation, namely = 1, 2, and 3.5 s. The results are displayed in figures 8b, 8c, and 8d, respectively. As can be seen, the results are in quite good agreement with the real shape of the Cu stripe. We also took data with narrow semi-circular Cu stripes (R1 = 0.9 mm, R2 = 1.1 mm, d = 0.1 mm,  = 0.5 s), semicircular stripes buried deeper below the surface (R1 = 1.1 mm, R2 = 2.2 mm, d = 1 mm,  = 1.5 s), and with stripes of triangular shape ( = 2 s). Figures 9a, 9b, and 9c show the results in the three cases (top), together with micrographs of the Cu stripes used to take the data (bottom). In the case of the narrow stripe (figure 9a), the Cu "slab" was actually a Cu wire, with a diameter of 150 m, that was squashed between the steel parts to get it flattened. The reconstructions are in qualitative good agreement with the real Cu slabs geometry, and feature rounded contours, due to the effect of the TVbased penalty term. This functional penalizes the spatial derivative of the sought function and thus tends to round the contour of the retrieved heat source (where the derivative is large), as a circle represents the shape of shorter contour for a given area. This is the reason why the reconstructions of semi-circles are nicely reproduced, whereas the reconstruction of the triangle (figure 9c) is obviously rounded. As mentioned at the beginning of this section, the design of the calibrated samples with the two parallel flat steel surfaces sandwiching the Cu slabs, is addressed to produce homogeneous heat sources. Besides, it is certainly challenging to build samples with inhomogeneous and calibrated heat sources activated by the ultrasounds. In order to check the performance of the method with experimental data produced by inhomogeneous heat sources, we have sandwiched two stripes of different materials (annealed and hard Cu) each with the approximate shape of a quarter of a circle (R1 = 0.7 mm, R2 = 1.7 mm, d = 0.05 mm), forming an approximate full semi-circle when placed in contact on the lower side. The two materials produce different but homogeneous heat fluxes when rubbing with the steel surfaces (in the manner of the synthetic fluxes depicted at the bottom of figure 5 ). However, we do not have a prior quantitative estimation of the ratio of the fluxes. The reconstruction from data obtained with a  = 2 s burst is depicted in figure 10a , and the micrograph of the slabs used to take the data is shown in figure 10b . The reconstruction shows two different regions (left and right) with different but quasi-homogeneous fluxes, featuring a ratio of 1:0.83. Although we cannot corroborate this flux ratio with independent estimations, the similarity of the fluxes seems sensible as both slabs are made of the same material but different treatment and slightly surface finish.
Summary and conclusions
In this work, we have addressed the characterization of open, surface breaking vertical cracks using vibrothermography experiments in the burst regime. The specificity of open cracks, if compared with kissing cracks in vibrothermography experiments consists in heat not being produced all along the crack surface, but along the path where the two lips are in contact and move relative to each other. This produces characteristic stripe-shaped (as opposed to compact) heat sources when exciting open surface half-penny cracks. We propose a least square fitting of spatial and temporal information to characterize this heat flux: the thermogram obtained at the end of the burst and the evolution of the temperature at the central pixel. The method involves a search of heat sources along a vertical plane, without any 10.21611/qirt.2018.042 8 assumption on the geometry of the excited heat flux. We have solved this severely ill-posed inverse problem by stabilizing the minimization with penalty terms based on TV and L1 functionals. The results of both, synthetic data with added uniform noise and experimental data obtained from samples with calibrated heat sources, indicate that the method is able to characterize accurately homogeneous heat sources activated in vibrothermography experiments with open cracks. Moreover, in the case of inhomogeneous distribution of the flux, we have found that the flux distribution can be identified in the case of smoothly varying fluxes. For an accurate identification of these inhomogeneous fluxes, a high signal-to-noise ratio is ideal. These results open the possibility of estimating the absolute flux distribution generated in vibrothermography experiments, from well calibrated surface temperature data. This information would be extremely valuable to understand the relationship between strain and heat production in experiments with real cracked specimens and to improve excitation conditions.
